Recently it was shown that substitutional B impurities in Cu metal diffuse via a direct-exchange mechanism. In this paper a model for this mechanism is proposed. From the temperature dependence of the electric field gradient produced by the B atom at its nearest Cu neighbors it is concluded that the local vibration of the B atom within its cage of Cu neighbors triggers the direct-exchange mechanism. DOI: 10.1103/PhysRevB.64.224301 PACS number͑s͒: 66.30.Jt The basic diffusion mechanisms for impurities or host atoms in crystalline lattices are ͑i͒ the vacancy mechanism where a substitutional atom jumps into a neighboring vacancy, ͑ii͒ the interstitial mechanism where an interstitial atom moves between interstitial sites, and ͑iii͒ the interstitialcy mechanism where an interstitial atom takes the site of a substitutional one by pushing it into the interstitial lattice.
The basic diffusion mechanisms for impurities or host atoms in crystalline lattices are ͑i͒ the vacancy mechanism where a substitutional atom jumps into a neighboring vacancy, ͑ii͒ the interstitial mechanism where an interstitial atom moves between interstitial sites, and ͑iii͒ the interstitialcy mechanism where an interstitial atom takes the site of a substitutional one by pushing it into the interstitial lattice. 1 In contrast to these well-established scenarios information on the direct-exchange mechanism, where two neighboring atoms change their sites, either directly or in a ring process, is still scarce. 2 To the best of our knowledge up to now the only experimental verification of this process has been achieved for the case of diluted substitutional B atoms in copper metal. 3 It is the aim of this paper to give a simple physical explanation of these findings. We shall see that a local vibration of the light B impurity triggers the site exchange between the B and one of the neighboring Cu atoms. This direct exchange is in contrast to the ring mechanisms discussed in Ref. 2 . Since the argument of the present paper is applicable whenever a light impurity takes a substitutional site, it is probable that the scenario found for B in copper holds for a large number of other systems as well.
Let us start with a short recapitulation of the essential results of our previous work. Radioactive spin-polarized 12 B, produced in a nuclear reaction, was implanted into singlecrystalline copper and studied by nuclear magnetic resonance and cross relaxation by monitoring the asymmetric ␤-decay radiation of 12 B. For details readers should consult the original paper. 3 The main result of the work was the following: In the temperature range of 400-750 K there are two B species, an interstitial and a substitutional one. Both of them diffuse independently on their respective lattices; there are no exchange jumps in between. From these findings the interstitialcy mechanism is excluded. But for substitutional boron, the vacancy mechanism can be excluded as well, since the number of thermally activated vacancies in the studied temperature range is by far too small to explain the observed jump rates. The direct B-Cu exchange mechanism thus remains the only explanation for the diffusion of substitutional boron.
From cross-relaxation measurements between substitutional B and its Cu neighbors the electric field gradient ͑EFG͒ produced by the B impurity at the nearest Cu neighbor was determined. 4 -6 For the following discussion one of the Cu neighbors in the bottom plane of the surrounding cube is selected as a representative ͑see Fig. 1͒ . From symmetry considerations alone it is obvious that the main axes of the EFG tensor are oriented along the crystalline ͓101͔, ͓010͔, and ͓101 ͔ axes, and that there should be an asymmetry parameter 0. From the experiment it could be concluded only that either the largest EFG component points along the ͓101͔ axis, and the smallest one along the ͓101 ͔ axis, or vice versa. The second alternative is not plausible for a charged impurity, however. We therefore adopt the notation x , ỹ , and z for the ͓101 ͔, ͓010͔, and ͓101͔ axes, respectively, to be in accordance with the usual EFG conventions. The crystalline main axes are denoted by x, y, and z.
As usual, we introduce the notation V zz ϭeq and The increase of the electric field gradient with temperature is highly unusual. The ordinary behavior is a decrease with temperature. In many cases it can be well described by a T 3/2 dependence
which can be explained in terms of thermal vibrations of the lattice. 10 The increase of the EFG with temperature will turn out to be the main key for identification of the underlying mechanism. Our working hypothesis is that again lattice vibrations are responsible for the temperature dependence of the EFG. But in contrast to Ref. 10 we assume that the only vibration of relevance is the local mode of the B atom within the cage of its surrounding Cu neighbors and that the contributions of all other vibration modes can be neglected.
We start with the static case by expanding the electrostatic potential produced by the B impurity into a multipole expansion and stopping at the quartic term:
where f (r) and g(r) are arbitrary functions of r ϭͱx 2 ϩy 2 ϩz 2 . For cubic symmetry there are no further terms up to fourth order. It is obvious that the expansion can contain only even powers of the coordinates, but one might argue that there should be a quadratic term in the expansion. However, because of symmetry, such a term has to be of the form h(r)(x 2 ϩy 2 ϩz 2 ). It is thus a function of r and can be incorporated into f (r).
If the potential is generated by point charges exclusively, V has to obey the homogeneous Poisson equation ⌬Vϭ0. In the far-field region the potential can be expanded as
with suitably chosen coefficients a lm . Comparison with Eq. ͑4͒ shows that f (r) and g(r) are given by
where a and b are constants. But due to the presence of the B impurity, the electron density is modified as well. Therefore V(x,y,z) must obey the inhomogeneous Poisson equation ⌬VϭϪ4, where is the electron density. As a consequence a and b become functions of r comprising information on the electronic screening. a(r) in particular is obtained from solution of the equation aЉ(r)ϭ Ϫr͐(r,,)d⍀ where the integration is over the full solid angle. This is easily seen by inserting expansion ͑5͒ into the inhomogeneous Poisson equation and using the orthogonality of the spherical harmonics. From Eq. ͑4͒ we get for the EFG principal axis components at the nearest-neighbor sites
where f 0 ϭ f (R) and f nϩ1 ϭ(1/r) f n Ј͉ rϭR . Corresponding expressions hold for g n . Here R is the distance between the B atom and the nearest Cu neighbors. Equation ͑7͒ holds for arbitrary functions f (r) and g(r), i.e., arbitrary electronic charge distributions. But for the further procedure we have to make an approximation. Let us assume for simplicity that g(r) is given by an exponentially screened r Ϫ9 potential
where is of the order of the reciprocal lattice constant ͑alternatively, we could have taken a screening function oscillating with the Fermi wavelength F ). The value of g(R) will be changed considerably by the screening, but the ratios R 2 g 1 /g and R 4 g 2 /g vary only by 10%-20% if R is changed from 0 to 2 ͑which should cover the complete range of admissible screening lengths͒. We may therefore replace in Eq. ͑7͒ these ratios by their ϭ0 values at the price of an error of about 10% for the EFG components and obtain
shows that f 2 and g may be expressed in terms of eq 0 and 0 as
In the next step we study the change of the electrostatic potential ͑4͒ due to a vibrational shift of the position of the B atom by replacing x, y, and z by xϪx B , yϪy B , and z Ϫz B where r B ϭ(x B ,y B ,z B ) is the B position. Taking only the terms linear in the the B coordinates and restricting again the multipole expansion of the potential to the two leading terms, we obtain
We have written f 1 (r) and g (r) instead of f 1 (r) and g(r) to allow for the fact that due to the shift of the B atom the electron density and the positions of the neighboring Cu at-oms are changed somewhat, giving rise to a modification of the radial dependencies. The first term on the right-hand side of Eq. ͑11͒ describes the vibration of the B atom within its cage, whereas the second term takes into account a vibrational tetragonal distortion of the surroundings ͑in addition there may be, e.g., trigonal distortions, but again we follow the philosophy adopted throughout this paper and apply the simplest approach possible͒.
Calculating the electric field gradient of the vibrational part of the potential and proceeding analogously as above by replacing the ratios r 2 f 3 / f 2 , R 2 g 1 /g , etc., by their ϭ0 values, we obtain
where now x B ,ỹ B ,z B and x ,ỹ ,z denote the deviations of the B and Cu atoms from their respective equilibrium positions.
In the next step the vibrational part of the EFG has to be averaged over the B position. The calculation becomes particularly simple if we assume that all vibrational averages ͗xx B ͘, ͗ỹ ỹ B ͘, and ͗zz B ͘ are equal. This approximation is admittedly somewhat questionable. Since the x , ỹ , and z directions are inequivalent, it is improbable that the averages are exactly the same. But the mean value (͗x x B ͘ϩ͗ỹ ỹ B ͘ ϩ͗zz B ͘)/3 cancels out, and only the deviations from the mean value survive. For the g terms, on the other hand, the mean values do not cancel. Taking g/ f 2 ϭ4 0 /45(2ϩ 0 ) ͓see Eq. ͑10͔͒ as an estimation for g / f 2 it seems at least probable that the g terms will dominate the f 2 ones. Neglecting thus the f 2 contributions, we obtain for the total EFG, including static and vibrational contributions,
͑13͒
Because of momentum conservation, the vibrational average ͗zz B ͘ is negative. Furthermore, it is proportional to T in leading order. Equation ͑13͒ thus describes qualitatively correctly the linear increase of eq with T. From Eq. ͑13͒ we obtain for the relative changes of q and with T
whence follows
Inserting 0 ϭ0.58 we obtain (d/dT)/ 0 ϭϪ4.5 (dq/dT)/ q 0 , in perfect agreement with the value found in the experiment ͓see Eq. ͑2͔͒. For a more quantitative comparison between experiment and theory we repeated the previous EFG measurements with higher precision and over a larger temperature range. The result is shown in Fig. 2 . In contrast to the earlier results 6 it is now evident that the increase of eq with temperature flattens with increasing temperature. The complete temperature dependence can be well described by . A comparison with Eq. ͑1͒ shows that the coefficient of the linear term has increased by a factor of about 2. But this is no contradiction: if the right-hand side of Eq. ͑16͒ is linearized at Tϭ500 K, we obtain a linear term in complete accordance with the earlier result.
The quadratic term in the temperature dependence of the EFG suggests that we have to go beyond the harmonic approximation to explain the experimental findings. The expansion of the mechanical potential seen by the B impurity within its cage of surrounding Cu atoms reads in the two leading orders 
In this approximation the fourth-order correction just leads to a modification of the vibration frequency, a fact well known from the theory of the pendulum. The equation of motion for the z coordinate of the Cu neighbor reads
where D Cu is the spring constant coupling the z coordinate of the Cu to the z B coordinate of the B atom. This ansatz assumes that the neighboring Cu atom is driven by the motion of the B impurity. The fact that the vibrations of the Cu neighbors conversely modify the B vibration is ignored. This approximation is allowed in view of the fact that the mass of B is by a factor of 6 smaller than that of Cu, with the consequence that the vibration amplitude of the latter one is by about one order of magnitude smaller. With expression ͑19͒ for z B we obtain zϭz 0 cos t ͑22͒
as the solution, where
Assuming that all spring constants are comparable in size, the second term in the denominator exceeds the first one by a factor of m Cu /m B Ϸ6, justifying the approximation
Inserting expression ͑20͒ for 2 and expending the denominator we obtain up to third order in
͑25͒
Now we are in the position to calculate the average ͗z 0 z B 0 ͘. Collecting the results from Eqs. ͑19͒-͑25͒ we have
where 
whence follows from Eq. ͑26͒
Since the averages ͗xz B ͘ and ͗zx B ͘ vanish within the limits of the applied approximations, we have ͗zz B ͘ ϭ͗zz B ͘. Inserting this result into Eq. ͑13͒ we recover the experimentally found temperature dependence ͑16͒ for q(T), where
For a comparison with the experiment a number of radical approximations have to be applied. First we replace g by g ϭeq 0 0 /15R 2 ͓see Eq. ͑10͔͒. Next, we assume again that all spring constants entering Eqs. ͑31͒ are equal. We thus get
A. ͑32͒
A problem poses the best value for D 0 R 2 . It should be of the order of magnitude of the migration enthalpy E a for substitutional B ͑alternatively one might express DR 2 in terms of the velocity of sound, yielding comparable results͒. With E a ϭ1.0 eV ͑see below͒ we thus obtain Aϭ1.3 ϫ10 Ϫ4 K Ϫ4 , which is by a factor of 4 smaller than the value found experimentally. In the same way one obtains from Eq. ͑32͒ B/Aϭ1.4ϫ10
Ϫ3 which has to be compared with the experimental ratio of 5.3ϫ10
Ϫ4 . In view of the numerous applied approximations these correspondences have to be considered as excellent and demonstrate without doubt, in our opinion, that local B vibrations are responsible for the found temperature dependence of the EFG at the nearest-neighbor site. Of course there is no chance to get absolute values for EFG's and their temperature dependences from this heuristic approach. But all that is needed in the present context are ratios of different types, and ratios are much less prone to approximations as absolute values ͓see discussion after Eq. ͑8͔͒.
The last step in the argument implies an extrapolation. Equation ͑25͒ shows that the B vibration amplitudes are larger by a factor of about m Cu /m B than those of the surrounding Cu atoms. At a given temperature the B atom has thus by far the largest probability to arrive at some saddlepoint configuration, thus producing a transient Frenkel-pair configuration. This argument is corroborated by the fact that due to Eq. ͑29͒ at 600 K the nonlinear contributions to the mean-squared displacement are already of about 10%. Intuitively one may expect that occasionally the B vibration amplitudes are sufficient for it to arrive at the center of one of the faces of the surrounding cube ͑see Fig. 1͒ . At this moment the chance is opened for one of the Cu atoms in the face of the cube to jump into the vacancy left by the impurity. In the subsequent step the B atom jumps into the vacant Cu position. If this picture is correct, the activation energy for the jump process should be somewhat larger than the migration energy for vacancy diffusion, E M ϭ0.70(2) eV, in Cu metal. 12 This is indeed the case: an analysis of the linewidths of the same cross-relaxation data used in Fig. 2 yielded a value of E a Ϸ1.0 eV for the migration enthalpy of the exchange process.
11 This is the main conclusion of this paper: the direct B-Cu exchange is triggered by the local vibration of the light B impurity and does not involve ring exchanges of the type proposed by Adda et al. 2 The same situation should hold in many similar systems. However, we still have to wait for the experiments to prove or to disprove this conjecture.
Of course, it would be useful to check the applied assumptions on the electrostatic potential produced by the presence of the B impurity by means of density functional methods. This is true in particular for the signs of the different contributions to the electrostatic and the mechanical potentials which cannot be obtained from symmetry considerations alone. It would be nice as well to verify the directexchange model presented in the last paragraph by some molecular dynamics calculation. We are confident, however, that our general conclusion will withstand these quantitative verifications.
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